In this paper a loophole in the SU(2) gauge anomaly is presented. It is shown that using several topological tools a theory can be designed that implements the quantization of a single Weyl doublet anomaly free while keeping the non-abelian character of the particle in the theory. This opens the perspective for non-Abelian statistics of deconfined particle like objects in 3+1 dimensions and for applications in Quantum Computing. Moreover, if this loophole cannot be closed, old arguments related to anomaly cancelations must be reviewed.
INTRODUCTION
It is a fundamental feature of quantum mechanics that ordinary many particle systems in 3 dimensions obey one of the two statistics: Bose-Einstein or Fermi-Dirac. Although in most of the textbook applications this fact is implemented in the form of a postulate, it can also be derived from topological arguments. The main advantage of the topological approach appears in the design of the topological quantum computers. Following the ideas of reference [1] the indiscernability of particles can be implemented by means of restrictions imposed on the phase space. In fact, the symmetrization (or antisymmetrization) of the standard wavefunction can be traced back to the procedure of identifying the points in the phase space that differ by only a permutation p ∈ S n of the constituent particles. Here S n is the permutation group. Let X N be the N dimensional phase space in the classical case. After identifying the points that are equivalent with respect to S n we obtain the quotient space X N /S n . This space is locally isomorphic to X N but has a different topological structure. It also has several singular points where two or more particles occupy the same position. Its topological structure depends on the dimensionality of the original space. In 1 or 2 dimensions trajectories are infinitely connected and can be reduced to circles around singular points. In 3 or more dimensions if one encircles a singular point once, the trajectory is homotopically equivalent to a circle. If one encircles the singularity twice, the resulting trajectory can be reduced to a single point without crossing the singularity. This particularity of the 3 or higher dimensional spaces induces the possibility of 2 distinct statistics: either Fermi-Dirac or Bose-Einstein. Moreover it eliminates the possibility for a point like particle to obey a non-abelian statistics precisely because of this topological particularities [2] . However, if one can add extra structure to the point-like particle this restriction may not apply. The first proposal in this direction was formulated by Teo and Kane [3] who introduced hedgehogs of a 3-component order parameter coupled to gapped fermionic excitations. These objects present a "projective ribbon statistics" [4] as far as multiple hedgehogs are associated to a non-local Hilbert space. Motions of the hedgehogs implement unitary transformations in the non-local Hilbert space. In this case exchanging identical particles leads to nontrivial unitary transformations of the quantum state (not simply a phase) [5] . This results in the hedgehogs obeying a non-abelian statistics. Moreover, hedgehog defects support real Majorana zero modes. It was an withstanding puzzle what happens to the Majorana zero modes when the relevant order parameter field begins to fluctuate. Also some researchers are still puzzled whether it is possible in principle to deconfine non-Abelian particles in 3+1 dimensions: if the order parameter field has nonzero stiffness, a single hedgehog is not a finite energy configuration. Although there will be finite energy hedgehog configurations (essentially with zero net hedgehog number), the confining force [6] between the hedgehogs will scale at least linearly with the distance between them. A way of avoiding this would be to gauge the rotation symmetry in the order parameter space [5] . Nevertheless a major obstacle in solving these puzzles is what is known as the SU(2) gauge anomaly [7] , [8] . In essence this anomaly states that in 3+1 dimensions a SU(2) gauge theory with the required fermion content i.e. a single Weyl doublet (or eight Majorana fields) cannot be defined consistently. The previous attempts implying gauge anomaly cancelations are well known: supersymmetry, supersymmetric partners, extra dimensions etc. [9] The main idea was to eliminate anomalies by postulating new physical objects that may or may not have correspondence in reality. This paper does not make any general statements about what should be trusted more: currently available experiments or currently available mathematics. It just points out that in one case an alternative solution may be possible. The problem of non-abelian hedgehogs appeared mainly because of the assumption that, in order to maintain the non-abelian structure of one hedgehog, a full rotation of the hedgehog around a partner object must imply a change in the sign of the fermion parity. The general assumption was that this partner object must be a physical object. I hereby challenge precisely this assumption. I construct a theory where the non-abelian character is protected by a particular behavior of one hedgehog under rotations around a fictitious unphysical object introduced in the theory such that the theory itself is not otherwise altered. In fact this "object" appears due to a special configuration of the functional space (in the sense of path integral quantization).
I argue here that the SU(2) anomaly problem can be eliminated by using some specific topological tools and some new ideas. The main source of the above mentioned anomaly is related to a particularity of the SU(2) group. In fact, its fourth homotopy group is non-trivial i.e. π 4 (SU (2)) = Z 2 . This means that in order to reach identity with a gauge transformation one has to "wrap" two times around the whole SU(2) group. If only one turn is performed no deformation to the identity is possible. After the second turn the identity is recovered but the two situations (with identity and without) are related in a continuous way by a gauge transformation. This means that the two regions are equally accessible via a gauge transformation and cannot be correctly distinguished. This problem of indiscernability is considered to be fundamental mainly because the fermion integration for a theory with N massless Weyl fermion doublets may change sign under such a transformation [10] . In order to be more specific let me start with a theory describing a single Weyl doublet:
In this case the ambiguity of choosing the sign is essential. While picking an arbitrary sign for (det(i / D)) 1/2 , in order to simultaneously satisfy the Schwinger Dyson equation one has to allow a certain degree of freedom in the problem that will eventually change the sign of the square root without any control from our part. This aspect is not trivial as the path integral will gain an alternating sign which will amount in an ambiguity of the form "0/0". This problem can be related to the fact that the eigenvalues of the Dirac operator can be rearranged when a continuous gauge transformation is performed but only in such a way that an odd number of eigenvalues change sign from positive to negative. This of course generates a sign ambiguity. Nevertheless, one can introduce additional symmetry into the problem so that the Schwinger Dyson equation is satisfied in the form of a Ward Identity and the actual eigenvalues of the extended operator do not change the sign of the overall determinant. This can be done by keeping the same relevant information inside the theory. I underline that I eliminate the overall change in sign and not the relative change in sign between the hedgehog and the auxiliary structure to be introduced in the theory. I call this idea "symmetry out of cohomology".
THEORETICAL APPROACH
Let me start with a partition function plagued by the SU (2) anomaly
where A µ is the gauge field, (1/2g 2 )tr(F 2 µν ) is the associated kinetic term F µν being the the field strength tensor (or the curvature 2-form F = dA ± A ∧ A) andψi / Dψ is the associated fermionic term. I consider now the integration over the fermionic fields. This will present the problem related to the fermionic sign and the proposed solution of the SU (2) anomaly. For the sake of brevity I will consider only the fermionic part. The kinetic term for the gauge fields is considered implicitly. The dynamics-less auxiliary fields to be used in this paper do not affect the kinetic term in a relavant way for this paper. However, they do affect the structure of the fermionic determinant in a way described in what follows.
Let me start with showing how to introduce the Schwinger-Dyson equations as Ward identities [11] . Consider the actual form of the fermion field as
where α represents the spin index. The covariant derivative is
Here ξ is a gauge index. Following the procedure by Batalin and Vilkovisky [16] one can insert two auxiliary fields
These encode a trivial gauge symmetry representing a shift. The Jacobian associated to the above transformation is trivial. This symmetry has to be gauge-fixed. In doing so via the BRST-anti-BRST formalism (Becchi, Rouet, Stora and Tyutin [12] ) the Schwinger-Dyson equation emerges as a Ward identity [17] . The field multiplets introduced are the ghosts (π 1 , A * 2 ) and the antighosts (A * 1 , π 2 ). The BRST and anti-BRST transformations are as follow:
Here δ 1 and δ 2 are respectively the BRST and anti-BRST transformations. The next step is to impose gauge fixing. This is done in the standard way by adding more bosonic fields, call them B and λ. The BRST transformation rules extend according to
These rules imply the nilpotency conditions:
One can chose the gauge fixing condition such that both auxiliary fields are fixed to zero by adding the BRST-anti-BRST closed term
By using the BRST-anti-BRST transformations above this becomes
which makes the gauge fixed action
where
Here the index a = 1, 2 represents the field-antifield index and summation over it is implied. Now the theory is well defined. At this moment the Schwinger-Dyson equation is encoded via an emerging Ward identity [17] . Alternatively this can be written as
Here F is a general functional on the fields A µ and δ l δAµ is the left functional derivative. It gains a sign with respect to the right derivative when acting on fermionic fields. The next step is to implement an artificial discrete symmetry that corresponds to the anti-unitary time reversal. Indeed this can be done if one considers the de-Rham cohomology. Here we cannot restrict ourselves to the BRSTanti-BRST operators but we need all the operators of the de-Rham cohomology, including the dual-BRST-anti-BRST operators. One has to acknowledge that the field structure of a theory is not fundamental. In fact, following [18] the antifields used to extend the usual field structure can be considered on equal footing with the usual fields. In most of the cases however one starts from a theory where these have been integrated out in advance. This however, is not necessary. If one starts with a theory containing fields and antifields and integrates them in a symmetric way the resulting theory can be constructed such that its field space has a Kahlerian structure. The theory constructed in this way manifests a discrete symmetry. The Kahler structure makes this discrete symmetry appear in the form of an anti-unitary time reversal symmetry induced by the Hodge star operator. This "mirror" symmetry cannot introduce divergencies in the theory. However, the Kahler-structure imposed over the field space, which can be interpreted as a choice of a Kahler quantum polarization, assures that the extra fields protect on one side the non-abelian statistics of the remaining hedgehog but also assure a constant overall sign in the full fermionic determinant.
In order to be more specific if we are given a differential manifold M and a tensor of type (1, 1) J such that ∀p ∈ M , J 2 p = −1, the tensor J will give a structure to M with the property that the eigenvalues of it will be of the form ±i. This means that J p is an even dimensional matrix and M is an even manifold. It also follows that J p can divide a complexified space at a point p in two disjoint vector subspaces
One can also introduce two projection operators
which will decompose Z as Z = Z + + Z − . This construction will generate a holomorphic and an antiholomorphic sector:
A complex manifold appears when demanding that given two intersecting charts (U i , γ i ) and (U j , γ j ), the map ψ ij = γ j γ
Here γ i and γ j are chart homeomorphisms and ψ ij is the transition map. In this case the complex structure is given independently from the chart by
In the complex case there is a unique chart-independent decomposition in holomorphic and antiholomorphic parts. This means we can now choose as a local basis for those subspaces the vector ( δ δz µ , δ δz µ ) where (z µ ,z µ ) are the complex coordinates such that the complex structure becomes
The additional structure over the field space can be introduced in several different ways. Here, I show a method suitable for the current problem. Consider another extension of the field structure in the following way:
where dµ represents the integration measure with respect to the rest of the auxiliary fields,σ = (1, − − → σ ) and g µν is the standard space-time metric. The matrix h ΩΩ assures in this case that the gauge fixing procedure is done in a BRST-anti-BRST invariant way. It also assures that entries between the Grassmann odd and Grassmann even sectors vanish. This will imply that a term of the form φ A h AB φ B has ghost-number zero and even Grassmann parity. Otherwise h AB has a flexible form required in defining a corresponding metric over the field space. The indexes Ω andΩ refer to an internal space used to define the Kahler structure over the field space. Of course gauge fixing is needed. In order to do this one may add the closed form
Here Ω plays the role of the Kahler form. K(A,Ā) is the Kahler potential and it has the property of generating the metric when the co-exterior and anti-co-exterior derivatives act on it
where δ andδ can be associated to the dual-BRST and dual-anti-BRST operators and G is the induced metric over the field space. This will ensure the Kahler structure and will not alter the rest of the structure as it is a closed form under the co-exterior derivative
It also forms a class with respect to the de-Rham cohomology and it is not an exact form i.e. it cannot be written as Ω = d * Ψ. The fact that this form is closed but not exact is implied by the fact that the construction of the field space (a compact manifold in this case) was designed such that the Kahler form was made manifest and a Kahler form cannot be exact on a compact space. When the operators of the direct and dual sector are made manifest the theory is best described by the de-Rham cohomology and the Kahler form represents a distinct class in this cohomology.
We now define the Hodge star operator in the following way (see appendix): let α and β be two N-forms,
then * β is defined such that given the metric G over the considered manifold and dv G a unit N-vector we have
( * * ) = 1 on N (we are at the level of the first doubling so, already N = 2d) which means that N splits into eigenspaces as
where the two eigenspaces correspond to eigenvalues +1 and -1 respectively. A N-form which belongs to N + is called self-dual whereas if it belongs to the other eigenspace it is called anti-self-dual. An important remark to be done here is that given a p-vector λ ∈ p V then ∀θ ∈ n−p V there exists the wedge product such that λ ∧ θ ∈ n . The (anti)BRST and dual-(anti)BRST operators are then equivalent to the operators:
In the context of algebraic geometry these are in order: the exterior differential, the coexterior(dual) differential and the Laplace operator. The exact and co-exact forms are orthogonal. Here we have the exterior derivative
and its dual
This gives rise to a suitable candidate for a "barrier" that would allow one to discern whether one is on the side connected to id or on the other side or, probably better formulated, it would make the two parts properly separated with id ↔ id * . The integration is performed in the same way with the exception that due to the Kahler structure any change in the sign in one sector is compensated by a corresponding change in the dual sector. This is being done while allowing the fermionic parity of an individual hedgehog to vary when considering its behavior under relative rotations around the fictive Kahler structure associated to it. Please note how dual-space gauge fixing and the implementation of a Kahler structure interplay in order to keep an overall positive fermionic determinant and a non-abelian statistics for the hedgehog. Of course this would not be possible if additional structure could not be added to the problem in a chomologically invariant way i.e. for fundamental particles. Fortunately the condensed matter background allows this auxiliary and otherwise inert structure in the theory.
In a more illustrative way, one could imagine that in every point in the space considered one could add a circular space. While the integration would diverge due to uncontrollable integration over the circular space at each point the gauge fixing would solve this problem by picking a single representative in the circular space. However, the choice of a representative in the internal circular space would not solve on its own the change in sign due to the topology of the original space. The solution in this case is the addition of a dual space to this construction. In this case a dual circular space will also introduce an uncontrollable integration and it will also have to be gauge fixed. However, this can be done in the functional space such that the global change in sign is compensated. In fact, a discrete symmetry is constructed in the action functional from the way in which the gauge is fixed over the direct and dual spaces. If the resulting field-space is Kahlerian (as intended in this paper) the discrete symmetry, induced by the Hodge star operator, mimics the time reversal symmetry and conserves an apparent non-abelian statistics.
This method allows a redefinition of the Dirac operator so that the problem becomes well defined. In fact one observes that the integral changes to
and by adding the Kahler term in the partition function one has
but now the determinant is defined for a Kahler structure. A gauge transformation in the Kahler space will have the form
so, while preserving this form a transformation of this kind will not alter the structure of the theory. This imposes a specific form of the h ΩΩ tensor. Gauge fixing is performed by a suitable choice of the introduced functions. Of course, all the fields can be eliminated by integrating out pairs of fields and antifields or by integrating only one member of the pair but suitably changing the transformation rules of the remaining fields. It is extremely important to notice that the integration is performed over both the fields A Ω and AΩ and that they cover both the direct and the dual regions. Because of the Kahler structure constructed over the field space they behave in the desired way i.e. they prevent the change in sign. Please note that the geometry of the field space becomes Kahlerian. The direct and dual field sectors combine giving in any case a positive determinant.
All this will have some consequences on the interpretation of the Atyiah-Singer index theorem [14] and the flux, both essential ingredients in the formulation of the SU(2) anomaly [7] . First, the field structure can be "supplemented" by the Kahler condition such that the eigenvalues do not change the sign. The method of extending the field structure plays the role of a "topological regularizer". As one homotopically changes the path in the gauge space the change in sign from one part of the Kahler sector is compensated by the other part. Moreover, due to a property of the Kahler structure (i.e. local holomorphicity is preserved while performing a gauge transformation) this compensating property will be preserved over the entire gauge group. Second, a specific choice of the Kahler potential in the functional described above will not affect the physical content of the theory but will modify the set of symmetries of the problem in the desired way.
CONCLUSION
This paper proposes a potential theoretical tool capable to explain why hedgehog structures may be found experimentally. It also opens new perspectives on quantum computing via deconfined hedgehogs obeying non-abelian statistics. Although this paper does not solve all problems related to the practical construction of topological quantum computers it makes the concept theoretically plausible. The main ideas of this paper (symmetry out of cohomology and dual gauge fixing) define a new way in which symmetry can be regarded. Instead of regarding symmetry as given by nature, here, some discrete symmetries are considered as artificial tools that can be added and removed from the theory. In order to make this clear I used the field-antifield formalism, a mathematical construction that relies on the Batalin-Vilkovisky quantization prescription. This is a method that has been widely used in quantum gravity and string (field) theory. Nevertheless, this work does not rely on any string theory or quantum gravity assumptions and is completely self consistent in the context of gauge theories and quantum field theories (although new applications to string theory are not excluded). Essentially any theory can be extended by following the field-anti-field prescription. The resulting theory, equivalent to the previous one (dual) can be constructed in such a way that a Kahler structure becomes manifest [20] .
As has been shown in [21] the field-antifield and the antibracket formalisms have a geometrical interpretation. The Batalin Vilkovisky formalism has also been set up for curved supermanifolds of fields and anti-fields with a fermionic symplectic structure [22] . Once a Kahler structure is introduced the symplectic structure is reduced to that given by a fermionic Kahler 2-form [21] , [20] .
The specific way in which the new structure is induced is by introducing a set of auxiliary fields that can be seen as shifts in the field space. After performing two shifts one obtains a BRST-anti-BRST structure constructed in a way that enforces the Schwinger Dyson equations as Ward identities. In general the Schwinger Dyson equations are the quantum equations of motion. They are derived as a consequence of the generalization to path integrals of the invariance of an integral under a redefinition of the integration variable from x to x + a. The BRST-anti-BRST symmetry was used in order to enforce precisely this at the level of Ward identities. The dual symmetry is obtained analogously by using an internal space. Precisely this method of finite shifting in the field space ensures that no divergencies in any of the kernel momenta appear due to this procedure. In fact the resulting object can be regarded as being shifted (in some directions defined for some artificial well behaving internal spaces) and finite shifts are not expected to alter the momenta of the kernel (variance, etc.)
It is also important to ensure that the field transformations provide the required form for the Jacobian. This is clear from the way in which the field structure is constructed: auxiliary fields are introduced in the sense of the field-anti-field formalism in pairs such that the overall field space becomes Kahlerian. As will be shown in the next section of this supplemental material, the Kahlerian structure is by definition one that assures a time-reversal type symmetry on the field structure and on the Jacobian and this structure is encoded in the field-anti-field formalism.
Of course, the discrete symmetry emerges after one performs two transformations with the ultimate goal of obtaining a BRST-anti-BRST symmetry together with the associated dual symmetry. One can also ask if it is possible to perform other transformations that change the Jacobian in a different way. The answer is of course yes, but the final symmetry must be obtained for the entire structure i.e. the action and the integration measure. Performing the transformation as specified in the main paper and compensating every time for the transformations of the measure will produce the same Kahler structure and the same "time-reversal-type" symmetry which will result in the same global symmetry for the resulting determinant [20] .
In order to be more specific let me focus on a general example. Let [dq] be my initial measure, G a a transformation of the fields and S[q] be my action.
[dq] is assumed not to be invariant under G a . By construction S[q] is considered invariant and so will also be S ′ [q ′ , a] where a is the parameter of the transformation. One assumes the integration over a as being trivial. Performing the change in variables q → q ′ will affect [dq]. The resulting transformation will be
Here the measure [dq ′ ] is not invariant under the gauge transformations. The determinant of the transformation is also not invariant but the invariance is recovered when one combines the two transformations. Then, the gauge fixing procedure can be performed and one obtains the emerging global (anti)BRST symmetry. Please note that at this level the Jacobian has no special discrete symmetry. On the dual "branch" one can do the same thing obtaining the dual(anti)BRST symmetry. Only after generating the internal space over which one defines the dual BRST symmetry one can define the hodge star operation which induces a discrete time reversal type symmetry over the entire field space and implicitly over the resulting block-determinant.
In order to improve on clarity let's think in the terms of the field-anti-field formalism. For the sake of simplicity the field space can be regarded as a D dimensional manifold parametrized by real coordinates y i = (y 1 , y 2 , ..., y D ). After performing the field extension in the sense of Batalin-Vilkovisky the space is extended to a 2D dimensional manifold of the form
where x are the bosonic and ξ are the fermionic coordinates. Now the space has a symplectic structure given by a closed non-degenerate 2-form
Finally an antibracket structure emerges
By introducing the internal space in the way explained in the main paper one extends the space again. Now D = 2d and a hodge star operation (and its associated duality) becomes well defined. Having the Kahler structure defined by the tensor
and going to a complex coordinate basis
we obtain a supermanifold with a Kahlerian geometry and an equivalent change in the representation of the antibracket. Following reference [23] (for the sake of brevity I will not perform the calculations here again) the change in the metric which amounts to the redefinition of the poisson bracket (generalized to the antibracket in our situation)
modifies the expression of the integration measure taking the change of the metric in the definition of the antibracket and mapping it onto the structure of the resulting global block-determinant. (see eq. (11)- (15) and (17)- (18) of ref. [23] ). This ensures that the discrete symmetry affects the resulting determinant in the desired way. Another way of looking at this discrete symmetry is to consider it as induced by the antipode of a hopf-algebra (the vector space analogue of the Hodge star). Only after one constructs the global BRST-anti-BRST and dual-BRSTanti-BRST symmetries will the discrete symmetry emerge and the method of constructing the first two symmetries already implies the inclusion of the Jacobian of the considered transformations in obtaining the final symmetries involving the action as well as the measure of integration (see [18] , [19] ).
As an interlude, one may observe that here, I used the cohomology and Hodge duality in order to generate a discrete symmetry. Further symmetries could be obtained considering other topological properties like cobordism or Morse-surgery.
B. Mathematical aspects of Kahler manifolds
This section is a short review of some relevant aspects related to the Kahler manifolds. More general discussions can be found in [24] , [20] and [25] . Having a differential manifold M and a tensor of type (1, 1) J such that ∀p ∈ M , J 2 p = −1, the tensor J will give a structure to M with the property that the eigenvalues of it will be of the form ±i. This means that J p is an even dimensional matrix and M is an even manifold. From the same definition it follows that J p can divide the complexified tangent space at p in two disjoint vector subspaces
One can introduce two projection operators of the form
In the complex case there is a unique chart-independent decomposition in holomorphic and antiholomorphic parts. This means we can now choose as a local basis for those subspaces the vector (
where (z µ ,z µ ) are the complex coordinates such that the complex structure becomes
If we add a Riemannian metric g to the complex manifold and demand that the metric satisfies 
If we have a hermitian manifold (M, g) with g Hermitian metric and a fundamental 2-tensor Ω whose action on vectors X and Y ∈ T p M is
then we call Ω p (X, Y ) a Kahler form. With this definition the Kahler form has some very useful properties. Firstly it is antisymmetric
Then it is invariant under the action of the complex structure
and under complexification
thus leading to
A Kahler manifold is a hermitian manifold (M, g) whose Kahler form Ω is closed (dΩ=0). g is called a Kahler metric. The closing condition defines a differential equation for the metric.
This leads to the relations δg µν δz λ = δg λν δz µ (61)
The solution of the above equation takes the form g µν = δδK i on a chart U i included in the manifold M . K i is called Kahler potential.
The Kahler form can be locally expressed in terms of the Kahler potential as
The definition given above is the most general one. This can of course be extended to the field space of the problem analyzed in the main paper. The procedure explained there generates the (dual)field-anti-field structure required to make the link with the Kahler structure described above. I will continue by reviewing some further mathematical concepts: Hodge-* operator Let (M, g) be a Riemannian 4-manifold for which we can define the * operator in the following way [26] :
We have also that ( * * ) = 1 on 2 which means that 2 splits into eigenspaces as
where the two eigenspaces correspond to eigenvalues +1 and -1 respectively. A 2 form which belongs to 2 + is called self-dual whereas if it belongs to the other eigenspace it is called anti-self-dual. An important remark to be done here is that given a p-vector λ ∈ p V then ∀θ ∈ n−p V there exists the wedge product such that λ ∧ θ ∈ n .
Hodge Theorem Let me define the following 3 operators
as being in order the exterior differential, the coexterior differential and the Laplace operator. The exact and co-exact forms are orthogonal. The Hodge theorem allows the identification of a unique representative for each cohomology class as belonging to the Kernel of the Laplacian defined for the specific complex manifold. If this is put together with the definition of the Kahler manifold we obtain extra symmetries in the Hodge structure of the manifold.
As noted in reference [21] and [20] the field-anti-field structure is amenable to the construction of a Kahlerian structure imposed on the system of fields. If one thinks at the antipode in a Hopf algebra one can see that there are not few similarities between the hodge star operator and the antipode. Indeed, the hodge star induces a symmetry that can be identified with time-reversal in the case of Kahlerian structures. All one has to do is to suitably introduce fields and antifields via appropriate trivial symmetries such that the antipodal structure becomes visible.
C. BRST-anti-BRST
The BRST quantization and the gauge fixing procedure can be seen together as a canonical transformation acting on the field structure of the theory. The method presented in the main article that allowed the construction of internal spaces and the definition of Hodge-dual operations can be used to make the time reversal type symmetry manifest in any theory.
What one must consider is the full de-Rham cohomology and identify the operators of BRST with the de-Rham cohomology operators. In order to do this one observes that the standard BRST-anti-BRST structure is not sufficient. In fact there exists another structure called the dual (anti)-BRST.
This structure is the analogue of the co-exterior derivative of differential geometry in the way in which the anticommuting (anti)-BRST transformations are the analogue of the exterior derivative. Imposing the BRST-anti-BRST symmetries together with the dual-BRST-dual-anti-BRST symmetries via a collective field approach results in a theory cohomologically equivalent with the original one that contains an extra discrete symmetry. This symmetry can be used in order to fix the positive definiteness of the fermionic determinant and to solve the sign problem.
The presence of the new collective fields allow for extensions of the BRST symmetry. These can be used (while keeping the gauge fixing) in some innovative ways. In practice any extension of the field-antifield structure is allowed. The only condition is that the resulting extended action satisfies the master equation
The antibracket used above is just a generalization of the Poisson structure for field-anti-field extended actions. It is defined as
The BRST transformation in the extended case can be seen as given by the antibracket where the generator of the transformation is the generalized action
The nilpotency of the BRST transformation is reflected in the condition (S, S) = 0 (75) which is called the "classical master equation". "Quantum" corrections to this formula may appear in some cases mainly when integration is performed over only one (fermionic) field in the field-antifield pair. These amount to changes in the BRST transformation rules. A good explanation of the interplay between "quantum" and "classical" master equations on one side and the transformation rules and choices of field structures on the other side can be found in [18] , [19] .
